We explore a regime of laser-driven plasma acceleration of electrons where the radial envelope of the laser-pulse incident at the plasma entrance is strongly mismatched to the nonlinear plasma electron response excited by it. This regime has been experimentally studied with the gemini laser using f/40 focusing optics in August 2015 and f/20 in 2008. The physical mechanisms and the scaling laws of electron acceleration achievable in a laser-plasma accelerator have been studied in the radially matched laser regime and thus are not accurate in the strongly mismatched regime explored here. In this work, we show that a novel adjusted-a 0 model applicable over a specific range of densities where the laser enters the state of a strong optical shock, describes the mismatched regime. Beside several novel aspects of laser-plasma interaction dynamics relating to an elongating bubble shape and the corresponding selfinjection mechanism, importantly we find that in this strongly mismatched regime when the laser pulse transforms into an optical shock it is possible to achieve beam-energies that significantly exceed the incident intensity matched regime scaling laws.
I. INTRODUCTION
Plasma accelerators [1] rely on laser-excited plasma electron response for keeping a laser pulse (ω 0 ,λ 0 ,v g ) continuously focussed to high-intensities over a distance which is many times its Raleigh length, Z R to sustain a regime of high-amplitude plasma wave [ω pe = n 0 e 2 −1 0
e ,k pe = ω pe /v φ ] (v φ , the plasma-wave phase velocity nearly equal to v g ). The self-guided regime [2] [3] [4] utilizes relativistic and ponderomotive channeling effects to preserve the laser intensity over the acceleration length, thus overcoming the external guiding requirements. But to enable self-guiding, the laser power has to be higher than the critical power, P c which depends inversely on the plasma density, n 0 . Thus laser power dictates the densities that a self-guided laser-plasma accelerators can operate at to obtain certain electron beam energies. The analysis presented here is in the self-guided regime.
Typically, for a laser pulse to self-guide its ponderomotive force has to cavitate electrons, where the plasma electrons in its path are nearly completely expelled. Whereas this leads to a radial profile of the refractive index [5] , η(r, z) which is favorable for guiding the laser pulse, it also drives a plasma wave which is in the non-linear regime, δn e (r, z)/n 0 ≡ (n e (r, z) − n 0 )/n 0 > 1. The results presented here are in the non-linear cavitated or the bubble regime of plasma wave [6] [7] [8] .
In the bubble regime the laser excited non-linear plasma response (electron-ion charge separation) equilibrates with the laser ponderomotive force such that the laser waist-size is [8] parameter, A the laser vector potential, I 0 is the peak intensity and λ 0 the laser wavelength.
In the bubble regime when a laser pulse is coupled into the plasma with a waist-size w 0 related to its strength parameter a 0 by eq.1, its radial envelope oscillations are minimized due to the equilibrium forced by the initial conditions, this is the matched condition. In the analysis of the laser-plasma conditions for the matched regime it is can be shown to be the optimal regime for electron beam energy gain. The scaling law of the electron beam energy gain in the matched regime based upon 3D PIC simulations is [9] : The laser strength parameter in eq.2, is the launched a 0 at the plasma entrance. The value of a 0 is known to vary over the acceleration length due to several non-linear laser-plasma interactions effects such as self-compression, pump depletion and head energy-loss of the laser pulse. The estimated energies over a range of densities using eq.2 for the matched regime with gemini f/40 parameters (summarized in Table. I) are shown in Fig.1 . It is quite evident from Fig.1 that the peak energies predicted by eq.2 for the gemini f/40 experiments with n 0 = 1.5 − 3 × 10 18 cm −3 are ≤ 1GeV. Thus, there is a striking dis-agreement between the predictions of the 3D simulation based models of [9] and the experimental observations.
II. STRONGLY MISMATCHED REGIME & THE ADJUSTED-a 0 MODEL
To understand this significant diagreement between the predicted energies and the experimentally obtained electron beam energies, it is firstly important to note that the gemini f/40 results are in a strongly mismatched regime. The reason for this is evident from eq.1, whereas the matched w 0 for this interaction is 10.3µm the launched elliptical laser pulse has its smaller waist-size of 37.4 µm.
The strongly mismatched regime of laser-plasma acceleration is considered sub-optimal because the laser radial envelope oscillates around the equilibrium matched spot-size which is expected to continuously change the plasma wave dimensions. This is expected to result in the optimal wave phase for acceleration and focusing to continuously change its position relative to the beam. In comparison to the matched regime, here the beam is loaded in sub-optimal phases. It can thus be argued that the effective acceleration field and acceleration distance, are as a result, sub-optimal. This conventional understanding of the laser-plasma acceleration process developed with the matched regime as the reference, seems to be entirely inapplicable to the experimental results obtained in the strongly mismatched regime.
It is however still possible to argue using the conventional understanding by applying an adjusted-a 0 model. This model assumes that the entire laser pulse energy launched at the entrance of the plasma is coupled into the plasma and is then squeezed to the matched spot-size corresponding to the launched a 0 . This will therefore increase the a 0 by the factor w 0 (launched)/w 0 (matched) upon the culmination of the squeezing process for a radially symmetric focal spot. The energy gain in this adjusted-a 0 model can thus be written as in eq.3 where subscript 'l' are for the launched quantities and 'm' for matched ones. F is the F-number of the focal spot, F = 
We can then calculate the expected electron energies using a 0 (adj.) and as shown in Fig.1 Table. I, the value of average accelerating plasma field from [9] is E plasma (a 0 = 1.9) = 0.5 √ a 0 m e cω pe e −1 = 93.7 GVm It will be shown using PIC simulations that this argument is not arbitrary because the assumption of laser energy squeezing down to the matched spot-size and the laser waist subsequently remaining close to the launched a 0 matched size holds (see Fig.3 ). However, there are a couple of major questions that go against generalizing this argument:
(i) Why does this energy scaling only work optimally for densities in the range 1.5 − 3 × 10 18 cm −3 for the f/40 focusing ? (ii) Why is there a similar optimal density in the range 5 − 7 × 10 18 cm −3 for the results with gemini f/20 focusing optics data [10] ? Is it a result of the squeezing process only working over certain densities ?
It is clear from the above contradictions that even though the adjusted-a 0 model is quite applicable over a density range, it cannot be universally applied. We have investigated the reasons behind this and have been able to check using simulations that the envelope squeezing effect occurs for a broad range of densities in comparison to the densities over which the experiments produce peak electron energies. Therefore, there must be another reason for the adjusted-a 0 model working only over a small range of densities.
We observe certain interesting effects in the simulations that persist only over a certain range of densities. As the laser focusses down to the matched focal spot, the non-linear plasma response to the now much higher laser intensity tries to equilibrate it to a larger spot-size but during this expansion the laser loses a large part of the head of its longitudinal envelope and enters an optical shock regime [12] . In the optical shock regime the longitudinal ponderomotive force far exceeds the radial ponderomotive force resulting in the lengthening of the bubble, while the radial excursions are inhibited (see Fig.5 ).
Therefore, the acceleration dynamics in the strongly mismatched regime is dictated by the laser envelope dynamics (in line with expectations due to the strong radial mismatch initial conditions) triggering the onset of optical shock state of the laser. We present more detailed analysis of this in the simulations section. propagation distance using the f/40 focusing optics parameters for E L = 10J.
A. Experimental considerations for a large focal-spot
From an experimental perspective, achieving a good quality Gaussian focal spot (measured with M 2 -number) is practically easier for a larger spot-size. In theory, even though a matched spot-size may be ideal for generating a stable plasma-wave with slowly evolving dimensions, in practice focusing to the matched spot-size for densities in 10 18 might lead to a non-uniform Gaussian spot with multiple hot-spots. A radially non-uniform focal-spot affects the transverse characteristics of the plasma wave, leading to non-optimal acceleration and focusing field profiles. So, there is definitely an experimental justification to the observation of larger focal spots leading to higher energies. The laser radial profile at the plasma exit may be utilized to investigate the transverse characteristics of the plasma wave. The presence of multiple hot-spots in the incident focal spot may be inferred by observing the exit mode of the laser, as seen in Fig.3(c) -(h) in [10] .
Note that, if the squeezing process can be confirmed experimentally, this would be an optical plasma lens. Because, as we show below that the energy loss of the laser during the compression phase is negligible. This is quite similar but operates based on different physical mechanisms than a beam plasma lens [11] .
III. ANALYSIS BASED UPON PIC SIMULATIONS
In this section we present results from 2D Particle-In-Cell (PIC) simulations carried out using epoch. We use a moving simulation box which tracks the laser pulse (Table I parameters with a 0 boosted by a factor of 2 to compensate for peak self-focussed a 0 in 2D simulations not reaching a 0 (adj.)) at a velocity equal to the laser group velocity in the unperturbed plasma. The box uses a cartesian grid with 25 cells per laser wavelength (λ 0 ) in the longitudinal direction and 10 cells per laser wavelength in the transverse with 4 particles per cell. Absorbing boundary conditions are used for both the fields and particles. The laser pulse is incident from the left boundary and focusses to the smaller focal spot-size (of the elliptical gemini f/40 focal spot) onto homogeneous plasma before the box starts moving. The plasma is setup to have a 500µm linear density gradient before the homogeneous plasma, to mimic the density profiles in a gas-cell.
In Fig.2 the evolution of laser energy with time is shown for different densities. It is well known that the laser energy depletion goes as n e /n c , which is what we observe here. However, the laser energy evolution does not have any correlation with the electron beam energies or specific signature about laser-plasma interaction process in the mismatched regime. Interestingly, the energy loss during the "squeezing"-phase is relatively small, allowing the non-linear regime to be useful as an efficient optical plasma lens and the adjusted-a 0 model to be valid.
In Fig.3 , the evolution of the laser-plasma dimensions and laser-plasma fields are plotted for n 0 = 2×10 18 cm −3 . There are several interesting laser-plasma effects that can be inferred from the evolution of the laser-plasma dimensions in Fig.3(a) .
(i) The laser pulse intensity-FWHM waist size (in blue) launched at 44µm is squeezed down to the matched spotsize of 10µm in 10 ps ( 3mm). This process of the squeezing down of the initial focal spot to nearly the matched spot-size of the launched a 0 occurs for nearly all the simulations over a wide range of densities (data not presented here).
(ii) The laser pulse radial envelope oscillates due to the strong initial mismatch. However, the spot-size remains close to the matched spot-size corresponding to the launched a 0 . The maximum radial excursions are of nearly half the launched spot-size however importantly these are all precursors to the triggering of optical shock state. This explains the agreement of the experiments in the strongly mismatched regime to the adjusted-a 0 model. (iii) The laser pulse longitudinal or temporal envelope undergoes a few catastrophic collapses. This is inferred by observing the intensity-FWHM time duration of the laser pulse (in red) over time. There are about 4 such events around 14ps, 21ps, 29ps and 40ps. The collapse of the laser pulse leads to the formation of an optical shock, shown in Fig.4 . (iv) The effect of this collapse is observed in a corresponding increase in the bubble length. The length of the bubble starts at nearly the same radius as laser radial envelope but does not reduce as fast as the laser radial FWHM. The length increases while it radius remains nearly constant, as seen by comparing the blue and the black curve. This leads to the optical shock driven excitation of asymmetric elongated bubble. (v) The triggering of optical shock formation and the excitation of an asymmetric bubble corresponds directly to the injection of electrons in the back of the elongating bubble. The laser-plasma interactions effects driving the acceleration are also analyzed by observing the evolution of the laser and plasma fields in Fig.3(b) . It is quite clear that the peak plasma field occurs when the laser pulse temporal intensity-FWHM undergoes a sudden collapse. We observe that this dip in temporal intensity-FWHM corresponds to the development of an optical shock. The plasma field is at its peak of −800 GV/m at around 21 ps.
The highest energy bunches are injected around 24ps when the bubble is rapidly elongating in response to the largely dis-balanced and increasing longitudinal ponderomotive force due to excitation of an optical shock, a condition represented in eq.6, where E e quiv (x, r) is the energy of quiver motion in the laser field. 
At 21 ps, the laser energy and the peak laser field are still high enough to cause the strongest dis-balance between the radial and longitudinal forces of the laser (see Fig.5 ) during its evolution.
A. Optical shock excitation
We analyze the triggering of an optical shock excitation by the evolving dynamics of the laser envelope in the strongly mismatched regime. In this regime, due to the oscillations of the laser radial envelope each of the envelopesqueeze event driving the laser radial envelope towards the matched spot-size causes a large surge in the laser electric field. We show that each of the surge in the laser electric fields triggers an optical shock excitation event.
FIG. 4:
On-axis line-out from 2D PIC simulations showing the formation of the optical shock in the strongly mismatched regime. The red curve is the laser transverse electric field. The plasma longitudinal field (blue curve) can be used to infer the bubble length, which is seen undergoing an increase. The green line is the zero line for the axis on the right-hand side, it sets the zero level for the density (in black) and the plasma longitudinal field.
The third-order perturbative expansion based relation for the laser pulse group velocity [13] in a quasi-static plasma wake with local plasma δn(ξ, r)/n 0 and laser a(ξ, r) parameters (where, ξ = cβ g0 t − z is a co-moving coordinate to the propagating laser) is in eq.7. We can use this equation to treat spatially-localized laser-plasma interaction at each instant of the simulation, because it handles group velocity β g (ξ, r) at each point in space in the co-moving coordinate.
FIG. 5:
Evolution of the peak ponderomotive force of the laser. The blue curve shows the peak longitudinal ponderomotive force along the axis of the laser and the red curve shows the peak transverse ponderomotive force where the laser field is maximum.
This relation in eq.7 can also be used to estimate a locally zero group velocity condition shown in eq.8.
Though the local envelope velocity being zero might be a hypothetical condition because in this work the typical n c /n 0 30, it does demonstrate that the group velocity of a pulse in different parts of the wake can be significantly different. It is quite evident that if δn(ξ, r) → n c when a ⊥ (ξ, r) 2 → 0, then the local group velocity, β g (ξ, r) → 0. This implies that a part of the envelope can be slowed down much more in comparison to the rest of the pulse and thus a part of the envelope can be lost leading to slicing of the laser into two distinct pulse under the conditions above. It should also be noted that the β g (ξ, r) → 0 implies β φ−las (ξ, r) → ∞ which means λ las (ξ, r) → ∞. So, increasing wavelength in a local region implies a local reduction in the group velocity.
The time evolution of the on-axis laser field from PIC simulations is shown for one such event in Fig.4 which corresponds to the formation of an optical shock at 21ps.
To understand the dynamics better, we try to simultaneously observe the radial intensity-FWHM in Fig.3(a) and the laser field in Fig.3(b) , while observing the on-axis laser dynamics in Fig.4 . Now we concentrate on the laser-plasma interaction dynamics in the front of the bubble in Fig.4 . It can be seen that at 17ps the wavelength in the front of the wake, a region where there is max-δn/n 0 (where the longitudinal ponderomotive force is the highest), begins to lengthen. This time also corresponds to a large surge in the laser electric field and thus the ponderomotive force is rapidly increasing. This also leads to an increase in the max-δn/n 0 at the laser head. At 21ps, in the region of max-δn/n 0 the wavelength has significantly stretched. This corresponds to a rapid reduction in the local group velocity. At 25ps, we observe that the laser envelope is broken into two distinct regions separated by a long wavelength low group velocity cycle. These laser cycles of long-wavelength low group-velocity lead to the head of the laser pulse detaching from it and triggering the laser into an optical shock state. This triggered slicing is also the time where the laser longitudinal ponderomotive force grows into a large dis-balance with the radial ponderomotive force, as seen in Fig.5 .
The large dis-balance between the longitudinal and the radial ponderomotive force is seen to have a direct effect on the dis-balance between the length and the radial envelope of the laser, by comparing Fig.5 and Fig.3(a) . The bubble length is seen to grow much more than the bubble radius. The large longitudinal ponderomotive force also has a direct effect on the peak of the longitudinal plasma field as seen in Fig.3(b) .
We find that this elongation following an optical shock trigger is the main reason for the self-injection of large amounts of charge in the strongly mismatched regime. Because the injection of charge occurs when the laser is in the state of an optical shock, the injected charge experiences the peak plasma field and accelerates to peak energies in about a centimeter. The elongated bubble also has a longer de-phasing length, thus allowing for slower de-phasing, while it lasts in the elongated state.
B. Beam properties from optical shock injection
We present the properties of the accelerated electrons that are injected by the unique optical shock driven asymmetric elongating bubble. Due to multiple injection events in the strongly mismatched regime the particle stream can only be loosely-termed as a beam with the gemini f/40 parameter set. Laser-plasma accelerated beam properties are dictated by the non-linearities of laser-plasma interactions. There is as strong dependence of plasma wake phase velocity and plasma wake dimensions on the instantaneous laser field amplitude which in turn depends upon the nonlinear response of the plasma electrons. The matched regime which operates at an initially enforced equilibrium is considered most suitable for generating low energy spread beams with high consistency. In the strongly mismatched regime we see that the laser and the bubble properties critically depend upon the plasma density due to reasons explored above and thus expect the beam properties to reflect this.
In Fig.6 a unique property applicable in the realm of laser acceleration is plotted, it is the peak Lorentz factor of the accelerated electrons or indirectly the kinetic energy of the most energetic electrons. It is observed that the peak Lorentz factor clearly has two distinct phases which are represented in the two different slopes of the parabolic evolution of peak Lorentz factor in time. The parabolic shape is the characteristic of the linearly decreasing electric field as the beam gains energy over the back half of the bubble. The first slope (of the parabola in time) is observed until around 25ps, where the first set of injected particles have over-run the receding wake and thus de-phased from the accelerating phase. The second slope is observed after 25ps (after optical shock driven injection event around 24ps) where the peak Lorentz factor rises to γ p > 3000 for n 0 = 1.5 − 3.0 × 10 18 cm −3 and γ p > 4000 for n 0 = 2 & 2.2 × 10 18 cm −3 . This inflection point also corresponds to a large injection event triggered by the elongation of the bubble.
In Fig.7 we show the root-mean-square beam transverse size (in a) and the root-mean square beam angle (in b) for n 0 = 2 × 10 18 cm −3 corresponding to the case for the highest kinetic energy electrons. There are two different metrics which are plotted for both these parameters. These two metrics are necessary because as the accelerated electrons are spread over a large volume of the full 6D phase-space it is hard to properly define σ r and σ θ for laser accelerated electrons, unlike beams from conventional RF cavity based accelerators. The first metric we have adopted takes into account all the particle with γ > 100 and second metric only looks at all the particles with γ > 0.9 × γ p . So, the second metric is tuned towards understanding the properties of the highest energy particles. We find that the rms-size in the y-direction for the component of the beam with the highest energy particles (within 90% of γ p , where γ p evolves as shown in Fig.6 ) is around an average of 50 nm, through most of the evolution. However around the exit we observe that this size is closer to 100nm and this can be confirmed to be for the multi-GeV beam (as γ p 5500 at 2 × 10 18 cm −3 ). The rms-size in the y-direction for all the particles with γ > 100 is on average around 3.5 µm.
The rms-angle (based on p y /p x ) for the component of the beam with the highest energy particles is around 100 µrad. Whereas the rms-angle for the particles with γ > 100 is on average around 80 mrad.
The effective geometrical emittance for the high-energy component of the beam can be estimated as p = rms-y p × rms-θ p 10 −5 mm-mrad. The corresponding normalized emittance p−n = γ p × p = 0.04mm-mrad. The observation of distinct properties of the particles at the peak energy in comparison to all particle above 50 MeV points towards the adiabatic damping effect of the geometrical emittance of particles as they undergo acceleration in the plasma. It is also interesting to note the conservation of the emittance of the highest energy particles of the beam, which can be qualitatively seen by the anti-correlation between the rms-y p and rms-θ p in Fig.7(a) and (b) . Thus, the multi-GeV component of the beam behaves more like a conventional particle beam. As the beam exits the plasma, it enters in-homogeneous plasma which is likely to degrade its emittance primarily due to coherent effects and thus it is important to model the density structures closer to the plasma exit.
FIG. 7:
Beam root-mean-square (rms) transverse-size (in a) and angular-size (in b) evolution with propagation distance at n 0 = 2 × 10 18 cm −3 from 2D PIC simulations.
IV. CONCLUSION
We have presented an analysis of multi-GeV acceleration in the strongly mis-matched regime which is conventionally considered sub-optimal for energy gain. It is shown that the adjusted-a 0 model based upon the physics of the self-guided laser pulse squeezing down to the matched spot-size and remaining close to it, is valid and justifiable. Further analysis correlates the surges in the laser electric field, due to radial envelope oscillations, to the triggering of optical shock state which understandably depends upon the initial density. Thus, it is shown that the mis-matched regime and the adjusted-a 0 model apply only when an optical shock state of the laser pulse is reached over a narrow range of densities. We have also shown that the optical shock excitation event leading to the strongest dis-balance between the longitudinal and the radial ponderomotive force causes a distinct inflection point in the peak Lorentz factor time evolution curve. This corresponds to a unique self-injection method resulting form the strong mismatch triggering the optical shock state which naturally couples the high-quality trapped beam to the large accelerating fields with longer de-phasing lengths in the elongated bubble. These results become more attractive for practical viability because it is experimentally known to be easy to controllably focus to a larger Gaussian focal spot. Thus launching larger focal spot laser pulses in the strongly mismatched regime may be a novel path towards high energy beams with large self-injected charge of high quality with much higher overall efficiency.
